Using recent developments in the theory of mixed motives, we prove that the log Bloch conjecture holds for an open smooth complex surface if the Bloch conjecture holds for its compactification. This verifies the log Bloch conjecture for all Q-homology planes and for open smooth surfaces which are not of log general type.
Introduction
Throughout this paper, we work with varieties over the complex numbers.
1.1. Statement of the main theorem. Let U be a smooth quasiprojective algebraic variety. Let a : h 0 (U ) 0 → Alb(U ) be the Albanese morphism from the zeroth Suslin homology of degree zero to the Albanese variety of U , and let T (U ) := ker(a) be the Albanese kernel. When U is projective, h 0 (U ) reduces to the Chow group of zero cycles CH 0 (U ). Indeed, we get the classical Albanese map.
In dimension one, the Albanese morphism is well-understood by the classical work of Abel-Jacobi in the projective case, and by Rosenlicht in the open case.
Theorem 1.1 (Abel-Jacobi, Rosenlicht [Ros52, Ros54] ). When dim U = 1, the Albanese morphism is an isomorphism.
The higher-dimensional analogue of Theorem 1.1 is much more subtle, although the torsion part of the Albanese morphism is known.
Theorem 1.2 (Roȋtman [Roj80] , Spieß-Szamuely [SS03] ). In arbitrary dimension, the Albanese morphism induces an isomorphism on torsion subgroups.
In this paper, we study the two-dimensional case. In one direction, the log Mumford theorem says that the Albanese morphism fails to be injective as long as p g (U ) = 0.
(2) N K Y ∼ O Y for some positive integer N ;
Since K Y is Q-Cartier, we define the index I of Y to be the smallest positive integer that IK Y ∼ O Y . By the work of Kawamata [Kaw79] , Tsunoda [Tsu83] , and Zhang [Zha91] , the index is bounded by 66, while classically (when Y is smooth projective) it is bounded by 6.
Corollary 1.8. Let U be the smooth locus of a log Enriques surface of index ≥ 2 defined as above. Then h 0 (U ) = Z.
Log Enriques surfaces are partially classified in [Zha91, Zha93, Kud02, Kud04] . There are more than 1000 examples of log Enriques surfaces with δ-invariant 2 [Kud02] .
Proof of Corollaries 1.7, 1.8. Let (X, D) be a minimal log resolution of U . By Corollary 1.6, the log Bloch conjecture holds in both cases. It suffices to show q(U ) = 0. Since D is the exceptional set of the resolution of quotient singularities, we have q(U ) = q(X). Now the del Pezzo case follows from [Zha89, Lem. 1.1 (3)] and the Enriques case from [Zha91, Lem. 1.2].
Example 3: Q-homology planes
A Q-homology plane can have log Kodaira dimension −∞, 0, 1, or 2. Ramanujam [Ram71] constructed the first homology plane of log general type which is topologically contractible. They are classified for log Kodaira dimension ≤ 1, but there is no thorough classification of Q-homology planes of log general type [Miy01, Sect. 3.4 ].
Since all Q-homology planes are rational [GP99] , Corollary 1.6 implies:
Corollary 1.9. Let U be a Q-homology plane. Then the log Bloch conjecture holds, that is, h 0 (U ) = Z.
The Bloch conjecture for fake projective planes remains unknown.
1.3. Ideas from mixed motives. The proof of our main theorem has two main ingredients. One is the work of Ayoub, Barbieri-Viale, and Kahn [ABV09, Ayo11, BVK14] on the derived category of 1-motives, especially the construction of a derived Albanese functor. The use is twofold: first, it gives a motivic interpretation of the Albanese morphism, allowing us to apply tools from the theory of mixed motives. Second, it provides a way to eliminate "easy" pieces of the motive of U (essentially 1-motives) while keeping track of the homological realization. The other ingredient is the famous conservativity conjecture; see [Ayo15] . Regarded as one of the key conjectures in the study of motives, it notably says that a geometric motives is trivial if and only if its homological realization is trivial. By truncating the motive of U using the derived Albanese functor, we arrive at a motive which has trivial homological realization and whose motivic homology controls the Albanese kernel T (U ). Therefore, the conservativity conjecture implies the log Bloch conjecture for U . Part of our main theorem then follows from a special case of the conservativity conjecture proven by Wildeshaus [Wil15] .
Further, it is worth mentioning that the work of Bondarko-Sosnilo [BS14] , if well-interpreted, might also lead to our results.
1.4. Notation. A log pair (X, D) means a variety X with a reduced Weil divisor D. We say that (X, D) is log smooth if X is smooth and D is a simple normal crossing divisor on X. A log pair is projective if the ambient variety is projective.
Given any smooth quasiprojective variety U , by the resolution of singularities, we may choose a log smooth projective compactification (X, D) with interior U . We use κ(X, D) to denote the log Kodaira dimension. We define the log geometric genus p g (X, D) := dim H 0 Ω dim X X (log D) and the log irregularity q(X, D) := dim H 0 Ω 1 X (log D) . Since they do not depend on the compactification, we may write κ(U ), p g (U ), and q(U ) as well.
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Preliminaries
By Theorem 1.2, it suffices to consider the Albanese morphism with Qcoefficients. From now on, all (co)homology, cycle groups, and motives are taken with Q-coefficients.
2.1. Mixed motives and conservativity. We refer to [VSF00] for Voevodsky's theory of mixed motives. Since we work with Q-coefficients, the categories of mixed motives in the Nisnevich andétale topologies are equivalent, with or without transfers; see [Ayo14] .
Let DM gm denote the triangulated category of geometric motives, and let DM eff gm denote the triangulated category of effective geometric motives. We follow the homological convention. The unit object of DM gm is denoted by Q(0), or simply Q, and the Tate object Q(1). Given an object M ∈ DM gm , its dual object
Further, we refer to [Hub00] for the Hodge realization functor
Recall the statement of the conservativity conjecture. (1) T (U ) = 0;
(2) T (X) = 0;
(3) M (U ), M (X) ∈ DM ab gm . 2.2. Derived category of 1-motives. We shall mainly follow the book of Barbieri-Viale-Kahn [BVK14] . Let M 1 denote Deligne's category of 1motives [Del74] with Q-coefficients. By [Org04, Th. 3.4.1], the bounded derived category D b (M 1 ) can be naturally identified with the thick triangulated subcategory of DM eff gm generated by the motives of smooth curves, denoted by d ≤1 DM eff gm . The identification is compatible with realizations [Vol12] . For simplicity we always make this identification.
One of the main results of [BVK14] is the construction of a derived Albanese functor. 
The theorem above applies to L Alb(Y ) and also to the Borel-Moore variant of L Alb(Y ). Let M c (Y ) ∈ DM eff gm denote the motive of Y with compact support. By [VSF00, Ch. 5, Th. 4.3.7], there is an isomorphism
Corollary 2.6 ([BVK14, Cor. 15.3.2]). By Theorem 2.5, we have
Finally, we recall the fact that M 1 is of cohomological dimension one [Org04, Prop. 3.2.4]. Hence, all elements in D b (M 1 ) can be represented by complexes with zero differentials. In particular, we have 
Proof of the main theorem
In this section we prove our main theorem, that is, Theorem 2.3. 
By applying the functor L Alb, we find a morphism of distinguished triangles
Here we used the fact that L Alb
Moreover, the morphism
coincides with the projection in (2.2)
twisted by Q(1). Now we apply motivic homology to the distinguished triangles in (3.1). Since h 0 (U ) → h 0 (Y ) is surjective [Zhu15, Lem. 4.2] and h 0 Q(1)[2] = CH −1 (pt) = 0, we obtain a commutative diagram with exact rows
The first vertical arrow is surjective since it comes from a projection. The middle vertical arrows are given by the Albanese morphisms of U and Y .
Our assumption T (U ) = 0 says that the second vertical arrow is injective. Then, by the five lemma, the third vertical arrow is also injective, and hence 3.2. Proof of (3) ⇒ (1). Consider the distinguished triangle
Our assumption p g (U ) = 0 says that H 2 (U, Q) = H 2 (U, Q) ≤1 . Then, by Theorem 2.5 and Corollary 2.6, we have
Next, consider the motive M ′ (U ) ∨ (2)[4], whose Betti realization is
It fits in a distinguished triangle
gm . This allows us to apply the functor L Alb to M ′ (U ) ∨ (2)[4]. By Theorem 2.5 and Corollary 2.6, the morphism
induces an isomorphism
We are ready to apply conservativity. Our assumption M (U ) ∈ DM ab gm implies M c (U ) ∈ DM ab gm . Moreover, since d ≤1 DM eff gm ⊂ DM ab gm , we have L Alb(U ) ∨ (2)[4] ∈ DM ab gm and hence M ′ (U ) ∨ (2)[4] ∈ DM ab gm . Then, according to Theorem 2.2, the morphism (3.3) is itself an isomorphism.
We thus obtain from (3.2) a distinguished triangle
Taking motivic homology, we have an exact sequence
where the second arrow is given by the Albanese morphism of U . Hence, to prove T (U ) = 0, it suffices to show that
For this we observe that
Here we have used the fact that the Hodge realization gives a full embedding M 1 ⊂ MHS [Del74, Sect. 10.1.3]. We compute
By [BVK14, Prop. 10.6.2], we have 
where A is an abelian variety and r = #{connected components of D} − 1. In other words, there is an extension of 1-motives
which yields an exact sequence 
In particular, it is Kimura-O'Sullivan finite.
For the distinguished triangle to split, it suffices to show that
The left-hand side consists of six direct summands, all of which can be computed explicitly. To keep the paper short we shall only do the most complicated one, that is, where A ′ is the abelian part of the semi-abelian variety Alb(U ). Again we assume A ′ to be the Albanese variety of a smooth projective surface S ′ , and hence (A ′ ⊗ Q)[−1] ≃ M 1 (S ′ ). We also have (G m ⊗ Q)[−1] ≃ Q(1).
Combining (3.5) and (3.8), we see that (3.7) sits in the middle of several extensions involving the following four terms:
( 
